Lighthill's equation is used to compute the noise produced by subsonic flows. The objective is to show that, although this equation is based on a wave equation in a medium at rest, meanflow effects on sound propagation, included in Lighthill's source term, can be properly taken into account by numerical approches. The source terms are evaluated from the unsteady compressible flow motion equations, which provide also a reference sound field. By this way, all mean flow -sound waves interactions are included into the source terms. Two-dimensional cases are first considered with the radiation of a monopole in a sheared mean flow and with the sound generated by a mixing layer. They show that mean flow effects on propagation are correctly predicted with Lighthill's equation. The sound produced by pairings of axisymmetric vortices in a three-dimensional circular jet with a Mach number of 0.9 and a Reynolds number of 65000 is then investigated. Solving Lighthill's equation provides an acoustic radiation quite consistent with the sound field obtained directly from LES.
Introduction
The theory formulated by Lighthill in 1952 1 is considered as the starting point of modern aeroacoustics. It relies on an analogy between the full rion linear flows and the linear theory of acoustics. The conservation equations are rewritten to form the following inhomogeneous wave equation where p is the density, CQ is the ambient sound speed and Tij = puiUj + (p -(? 0 p) 6ij -TIJ is known as the Lighthill stress tensor, HI, p, TIJ being the velocity components, the pressure and the viscous stresses respectively. Lighthill's equation is exact since no approximation is made. Its classical interpretation consists in regarding the aerodynamic noise as solution of a wave equation in a fictitious medium at rest. The sound generation is attributed to the righthand side of the equation, with a source term based on the Lighthill stress tensor. This tensor is reduced, in unheated flows at high Reynolds numbers, to the Reynolds stresses pUiUj. Practically, by using Green function of the wave equation, the solution of equation (1) is written as an integral on a region encompassing all sound sources. The integral solution of Lighthill's equation has first allowed to establish, by a dimensional analysis, the scaling law of the acoustic power for a subsonic jet as the eight power of the jet velocity. It can also be used to determine directly the noise, but this requires an accurate estimation of the sound sources, through T^.
The method for predicting noise using Lighthill's equation is usually referred to as an hybrid method since noise generation and propagation are treated separately. The first step consists in using data provided by numerical simulations to form the sound sources. The second step then consists in solving the wave equation forced by these source terms to determine the sound radiation. The main advantage of this approach is that most of the conventional flow simulations can be used in the first step. By this way, the mean turbulent parameters of flows computed by solving the Reynolds Averaged Navier-Stokes equations (RANS) with a A; -e turbulent closure can be introduced in a statistical source model 2 to obtain the acoustic intensity. 3 It is naturally more convenient to use the unsteady flow parameters to evaluate directly T^. It has been done successfully to American Institute of Aeronautics and Astronautics compute the acoustic field generated by turbulent flows, using the data obtained by solving the unsteady RANS, 4 by Large Eddy Simulation (LES)   5   "   7 or by Direct Numerical Simulation (DNS). 8 ' 9 However, one important difficulty of LighthilPs equation is that there is not a complete separation between aerodynamics and acoustics. The wave operator being a classical wave equation in a medium at rest, all interactions between flow and acoustic waves are included into the right-hand side of the equation, namely in the source term. Further developments have so been carried out to put some mean flow effects on sound propagation into the wave operator, by Phillips 10 and Lilley 11 particularly. Lilley has combined the flow motion equations to obtain a wave operator based on a third-order differential equation accounting for effects of a unidirectional sheared mean flow on sound propagation. 12 The use of the Linearized Euler Equations (LEE) as wave operator has also been proposed because all mean flow effects on propagation can be included into the LEE for general flows and geometries. 13 To compute noise using Lighthill's equation when interactions between flow and acoustic waves are significant, basically for high Mach number flows, it is necessary to evaluate the source term accuratly since it contains these interactions. This implies that the simulation providing source terms must be compressible. The only exception is found for a uniform mean flow where a convected Green function can be used. In the general case, equation (1) must be integrated on the smallest region including both sound sources and flow -acoustics interactions. The two contributions of the source term are moreover clearly identified in the Lighthill tensor Tij. Sound generation by turbulence is associated to the terms quadratic in velocity fluctuations, whereas mean flow effects on wave propagation, namely refraction and convection, are associated to the terms linear in fluctuations. These two parts of Lighthill's tensor are classically called the self-noise and the shear-noise 14 respectively.
The motivation of this study is to investigate the computation of the sound by solving Lighthill's equation for subsonic flows, and to show that interactions between mean flow and acoustic waves are properly taken into account provided that they are included into the right-hand side of the equation. The source terms are formed from data obtained by solving the unsteady compressible flow equations. The acoustic field is also directly found by this way and it constitutes a reference solution to compare to the result given by Lighthill's equation. Three cases are considered. The first one is purely acoustic and concerns the propagation in a sheared mean flow of the sound generated by a monopolar source. The second one involves a two-dimensional mixing layer excited to control the first vortex pairings, 6 which generate an acoustic radiation at a fixed frequency. The third one is a circular three-dimensional jet excited to force the development of axisymmetric vortices, whose pairings produce a sound field classically associated to axisymmetric sources. In the three cases, equation (1) is integrated on a region containing all sound sources, extending in the direction of the observer as far as there are mean flow effects on sound propagation. Results are compared to solutions provided directly by the flow motion equations or given by the hybrid method using LEE, in order to study the contribution of the part of the Lighthill tensor associated to propagation. This paper is organized as follows. Effects of a sheared mean flow on the radiation of a monopolar source are investigated in section 2. The sound field generated by a mixing layer is studied in section 3. Next, in section 4, the noise generated by pairings of axisymmetric vortices in a subsonic jet is calculated. Finally, concluding remarks are given in section 5. The frequency domain solution of Lighthill's equation used in this study for two-dimensional geometries is presented in Appendix A. A Gaussian monopolar source is introduced at the point (0, -30m) where the mean flow is negligible. To define a purely acoustic problem, two source terms are added into the equations governing pressure and density respectively, by the following way
where the pulsation u is fixed so that the wavelength is A = 18m, the amplitude is e -IPa and the Gaussian half-width is b = 3m. The amplitude is weak enough to have a linear sound propagation. The vorticity thickness of the shear layer and the acoustic wavelength are also very close. So, both convection and refraction effects on propagation will occur.
Reference solution provided by Euler's equations
The propagation of sound waves can be computed using the full Euler equations. In this purely acoustic case, these equations are solved to provide both a reference solution and the source term of Lighthill's equation. A uniform mesh is used with constant grid size Ax -Ay = 1m and the time step is At = CQ x 2/3 s. The pressure field given by Euler's equations is presented in Figure 2 . Effects of the mean flow on sound propagation are clearly visible. Circular wave fronts are significantly deformed in the upper part of the domain.
To estimate more precisely the modification of sound propagation induced by the sheared mean flow, the simulation is also performed without the presence of mean flow. The pressure field obtained by this way is subtracted to the previous field to obtain the pressure field shown in Figure 3 . This one is only attributed to the mean flow effects on sound propagation. The interations between flow and acoustic waves are not so weak since its amplitude is of the order of the amplitude of the incident radiation.
Resolution of Lighthill's equation
Lighthill's equation is now solved using the frequency-domain integral solution (6) 3. Sound field generated by a mixing layer
Definition and reference solution
This second application involves a subsonic mixing layer between two uniform flows at U\ -40 and U-2 -160 m.s" 1 , with a Reynolds number based on the initial vorticity thickness <5^(0) equal to Re u -12800. This flow has been simulated by Large Eddy Simulation (LES) in a previous study. All the details of the simulation can be found in Bogey et a/. 6 The mixing layer is forced at its fundamental frequency /o 16 and its first sub-harmonic frequency /o/2 to fix the location of vortex pairings around x ~ 706^(0). By this way, the sound field generated by the first A reference acoustic field is provided directly by LES on a domain extending from 0 up to 200 6 U (0) in the axial direction and from -300 <L(0) U P to 300 <L(0) in the transerve direction. It has been previously compared to results given by applying a threedimensional solution of Lighthill's equation. 6 It has also allowed to validate the expression of source terms used in the hybrid method based on LEE. 13 In this configuration, mean flow -acoustic interactions are important, particularly owing to the two uniform flows. The source term used in Lighthill's equation must provide both sound generation and mean flow effects on propagation.
Resolution of Lighthill's equation
Lighthill's equation is solved in the frequency-domain as shown in Appendix A, using source terms issued from LES data. The source terms are recorded every 30 time steps during 2640 iterations, i.e. during 8 pairing periods. They are known on the whole computational domain to account for all mean flowsound wave interactions. Furthermore, to study the two contributions in Lighthill's tensor, two source terms are considered. The first one, TJ--pu\uŵ here u' { are the velocity fluctuations, corresponds to the self-noise and provides only the sound generation by turbulence. The second one, T^ -puiUj, corresponds to the complete Lighthill's tensor.
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Pressure fields
The pressure fields obtained by solving LighthilPs equation on the whole domain using source terms T/-and Tl-are presented in Figures 6 (a) and 6(b) respectively. They are strongly different, both in terms of wave front pattern and directivity.
Waves fronts obtained using T/j are quite circular, centered on the region of pairings. Directivity of the sound radiation is well marked into the downstream direction, especially for the low-velocity flow in the lower part. The radiation pattern calculated using T*j displays waves fronts significantly ovalized by the two uniforms flows. The directivity is also modified and is now pronounced for rather large angles from the downstream direction, around 9 -60°.
Integrating Lighthill's equation on the whole observation region using the complete Lighthill tensor allows to account for mean flow effects on sound propagation, even in this flow configuration with two surrounding uniform flows. 
Dilatation fields and comparison
To compare the sound field given by Lighthill's equation with results provided by LES and by the hybrid method based on LEE, the dilatation 0 = V.u is used. Dilatation is connected to the acoustic dt (2) in a medium at rest, po and c 0 being the ambient density and sound speed, and by
in a uniform flow of velocity [7$. The dilatation fields provided by Lighthill's equation with source terms T/-and T^ are thus calculated using relations (2) and (3) respectively. They are shown in Figures 7(a) and 7(c) and compared with results given by other prediction methods.
The dilatation field obtained with T/-is beside the dilatation field of Figure 7 (b) given by LEE solved without the presence of mean flow. There is a good agreement between the two fields. The directivities are the same, both are well marked into the downstream direction. Wave fronts are in phase and have similar amplitude. This is shown more quantitatively in Figure 9 with the dilatation profiles at x = 1305 W (0). The two methods applied, Lighthill's equation forced with T/-and LEE solved without mean flow, combine a wave operator in a medium at rest with source terms corresponding only to the sound generation, the so-called self-noise, that explains the accordance between the two results.
The dilatation field obtained by solving Lighthill's equation with T^ is compared to the dilatation field of Figure 7 (d) directly provided by LES. The two fields agree very well. The directivities are affected in the same way by the mean flow with a preferred radiation for angles from the downstream direction around 9 -80° in the low-velocity flow, and 6 = 60° in the high-velocity flow. The modifications of the wave front pattern are also the same. It is confirmed by Figure 8 plotting the dilatation profiles at x = 13(W W (0), around 60<J W (0) downstream the sound sources, in a region where the wave fronts are significantly deformed by the mean flow. The two profiles superimpose, demonstrating the very good agreement in phase and in amplitude. Therefore, by solving Lighthill's equation with the complete Lighthill tensor, all interactions between flow and sound waves are properly taken into account.
This application shows that it is possible, using Lighthill's equation, to compute the sound generated by a turbulent flow accounting for mean flow effects on sound propagation, if these interactions are correctly included in the Lighthill tensor. 
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Sound field generated by a circular jet excited axisymmetrically
Definition and flow simulation
The third application of this paper involves a three-dimensional computation. A circular jet with a Mach number of 0.9 and a Reynolds number of 6.5 x 10 4 is simulated by Large Eddy Simulation. The ratio TQ/SO is 20, where TQ is the initial jet radius and 60 is the momentum thickness of the shear layer. In a previous study, 17 the jet was forced into the inflow randomly both in space and time, to investigate its natural turbulent development and the corresponding generated acoustic radiation. In this study, it is excited axisymmetrically, at the fundamental frequency /o and the first sub-harmonic frequency /o/2 of the initial hyperbolic-tangent velocity profile. By this way, vortex rings are created in the shear layer. They merge at a fixed location at the frequency f p ~ fo/2 to form a larger vortex ring.
LES is carried out using the ALESIA code, 17 built up with numerical methods specific to aeroacoustics in order to compute directly the acoustic field. In the code, the Smagorinsky subgrid scale model is used. All the details of the simulation can be found in Bogey. 18 The cartesian mesh grid consists of 127 x 177 x 127 points, with 28 points in the jet radius. It extends up to x = 22ro in the axial direction, and up to y -22r 0 in the y direction to study the acoustic radiation in the upper x -y section. Meshes are moreover significantly stretched from x = 8r 0 in the axial direction, in order to damp the aerodynamic perturbations downstream. Finally, the simulation runs for 1.2xl0 4 iterations. The pairing period corresponds to T p = 300 itera-' tions.
Four snapshots of the vorticity uj z regularly spaced over a period T p are shown in Figure 10 . Pairings of vortex rings occur around x -4.5ro every T p , There are no other pairing downstream and the created vortex ring is dissipated in the sponge region. Collision of vortex rings constitutes a classical sound source. 19 The sound generated in the jet by this mechanism is now investigated.
Sound field computed by LES
The dilatation field 0 = V.u directly provided by LES is presented in Figure 11 . Dilatation is here proportional to time derivative of the acoustic pressure as 6 = -(dp'/dt) I (PQCQ). Wave fronts are visibly coming from the pairing region around x -4.5ro-The predominant wavelength corresponds to the pairing frequency with \ p = 6.6r 0 . The noise generated by the excitation into the inflow is non negligible but it is small compared to the sound field produced by pairings. The sound field has an angle of extinction around 0 ~ 80° from the jet axis. It is given more precisely in Figure 12 with the directivity of the acoustic radiation. This particular directivity is inherent in excited jets and it is not found for natural turbulent jets. To illustrate this, the sound pressure levels calculated for the jet excited with a random noise are also shown in Figure 12 . For comparison, levels are normalized at a distance of 60ro from the region of sound generation. Levels in the two cases are of the same order, but the directivities are basically different.
The directivity found in this study is classically attributed to the radiation of axisymmetric quadrupolar sources. It has been investigated theoretically for a compact source using Mohring's analogy 20 ' 21 and Lighthill's analogy. 8 ' 22 The directivity of an axisymmetric quadrupole, compact in the radial direction, is given by the function 3cos 2 $ -1. Two angles of extinction of the sound field are thus predicted for 6 = 55° and 9 = 125°. This directivity pattern has been found experimentally by Bridges & Hussain, 21 by exciting a Mach 0.08 jet with discrete frequencies, with an angle of extinction for 9 -70°. It has also been found recently in axisymmetric simulations, by Bastin 22 for a Mach 0.58 jet and by Mitchell et at. 8 for Mach 0.4 and Mach 0.8 jets. In these numerical studies, angles of extinction are in the range 0 = 60° -70°.
In the present study, the angle of extinction of the sound field is 0 ~ 80°. The discrepancy with American Institute of Aeronautics and Astronautics ----sound pressure levels at 60r*o from the pairing region as function of angle 9 measured from the jet axis, ---levels generated by the jet randomly excited, at 60r 0 from the end of the potential core.
the theoretical angle and with experimental or others numerical results can be explained by our jet parameters. The sound source is first not fully compact in the radial direction since A p -6.6ro-The jet velocity is also very high with a Mach number of 0.9. Thus, one can expect that the flow affects strongly the propagation of sound waves. Finally, the parasitic radiation associated to the excitation can be suspected, because its effects are larger where the amplitudes of sound waves are small, near the angle of extinction.
Resolution of Lighthill's equation
A time-domain solution of Lighthill's equation, built up from a three-dimensional Green function, is solved to compute the noise radiated by the jet. This integral formulation involves time derivatives, and it is more accurate than the integral formulation with space derivatives. 6 Its far-field expression is written as
The tensors T/j = pu^u'j and T^ = pUiUj are recorded every 10 aerodynamic time steps, during 2400 iterations corresponding to 8 pairing periods. Every points in the axial direction, and every second points in the two other directions are taken from the LES mesh grid. The source volume V y is such that r 0 < x < 20.5r 0 and -3.4r 0 < y,z < 3.4r 0 . It is large enough to contain the whole region where there are mean flow -sound waves inter at ions. These interactions are indeed negligible outside the jet, where the mean axial velocity is very small as shown in Figure 13 . the source terms at the boundaries of the source region. Moreover, the two radial source terms based on T 2 2 are very similar, whereas the axial and cross source terms based on TH and T i2 are quite different, the larger differences being found for the axial source term. The mean flow effects on wave propagation, essentially induced by the axial velocity, are therefore very small perpendicularly to the jet axis, but increase significantly closer to the axial direction. To compare the sound field predicted by Lighthill's equation with the LES result, the time evolution of pressure is determined during a period T p at points located in the acoustic far-field at 60r 0 from the pairing region, for angles in the range 30° -120°. The sound pressure levels obtained by this way are shown in Figure 16 . The two directivities found using T/J and T/-are similar for 9 > 80° but are quite different for smaller angles. The acoustic radiation computed using T^-, the self-noise alone, is well pronounced in the downstream direction, whereas the sound field computed using T^ is marked for an angle around 0 ~ 40°. This angle is also found in the LES sound field. It can be attributed to refraction effets of sound waves by the flow. Solving Lighthill's equation using the complete Lighthill tensor has thus allowed to provide the good directivity, with both the angles of maximum and minimum radiation. Levels given by Lighthill's equation are also consistent with the LES solution near the angle of (c) (1/cg) <9 2 T| 2 /<9t 2 . The color scale is the same as in Figure 15 .
(a)
extinction. The agreement is however not so good in the downstream direction with a significant difference between the direct calculation and Lighthill's prediction. At this time, we have no explanation for this disagreement. ----sound pressure levels at 60ro from the pairing region given by LES, ----levels obtained with Lighthill's equation using T/-, ---levels obtained with Lighthill's equation using T^.
Conclusion
This study shows that Lighthill's equation is able to provide aerodynamic noise, accounting for mean American Institute of Aeronautics and Astronautics flow effects on sound propagation. This equation being based on a wave equation in a medium at rest, the Lighthill tensor in the right hand-side must contains properly both the sound generation and all flow -acoustics interactions. This implies that the data used to build up the source term must come from compressible simulations where the sound field is correctly calculated. Neverthelesss, most of practical applications use conventional simulation codes. It is therefore generally more convenient to apply LighthilPs theory to predict the noise for flows at low Mach numbers, where mean flow effects on propagation are small. For flows at very low Mach numbers, the direct computation of the sound is moreover difficult owing to the very poor efficiency of sound generation, and LighthilFs equation can easily be solved. For flows at higher Mach numbers, it seems however more natural to use hybrid methods with wave operators including mean flow effects, for example the linearized Euler equations.
